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In this work we propose the cross-slot geometry as a candidate for a numerical benchmark ﬂow problem
for viscoelastic ﬂuids. Extensive data of quantiﬁed accuracy is provided, obtained via Richardson extrap-
olation to the limit of inﬁnite reﬁnement using results for three different mesh resolutions, for the upper-
convected Maxwell, Oldroyd-B and the linear form of the simpliﬁed Phan-Thien–Tanner constitutive
models. Furthermore, we consider two types of ﬂow geometry having either sharp or rounded corners,
the latter with a radius of curvature equal to 5% of the channel’s width. We show that for all models
the inertialess steady symmetric ﬂow may undergo a bifurcation to a steady asymmetric conﬁguration,
followed by a second transition to time-dependent ﬂow, which is in qualitative agreement with previous
experimental observations for low Reynolds number ﬂows. The critical Deborah number for both transi-
tions is quantiﬁed and a set of standard parameters is proposed for benchmarking purposes.
 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/3.0/).1. Introduction
Arratia et al. [1] demonstrated experimentally that the low-
Reynolds number (Re) ﬂow of a ﬂexible polymer solution (a poly-
acrylamide aqueous solution) through a microﬂuidic cross-slot
geometry can give rise to two different instabilities: a ﬁrst
instability, in which the ﬂow remains steady but becomes spatially
asymmetric; and a second instability, in which the ﬂow becomes
unsteady and ﬂuctuates with time. In fact, such asymmetries,
which are purely-elastic in nature, are not new and were also pres-
ent in the early experimental work of Gardner et al. [2]. Although
the photon-correlation velocimetry technique used by Gardner
and co-workers was rather noisy, their velocity proﬁles are clearly
asymmetric downstream of the cross-slot. Gardner et al. [2]
thought that the asymmetry was a consequence of either
imperfections in the geometry or a ‘‘ﬂuidic-type’’ instability. These
experimental results were the stimuli for our own numerical
investigations. In Poole et al. [3], a ﬁnite-volume numerical tech-
nique was used to show that such asymmetries could be predicted
even for the upper-convected Maxwell (UCM) model in a truly-
inertialess ﬂow (Re? 0), and that they were probably a conse-
quence of the high compressive normal stresses developed by the
viscoelastic ﬂuid when the two incoming streams join. These
normal stresses lead to a concave velocity proﬁle, together withan inﬂection point, as illustrated in [3] along the diagonal lines
y = ±x. It is well known that inﬂection points in velocity proﬁles
are a necessary condition for inviscid instabilities, but even with
viscous ﬂuids inﬂection points are often associated with ﬂow insta-
bilities, at least in ﬂows with non-negligible inertia (a famous
example are the experiments and theoretical predictions of G.I. Tay-
lor in rotating Couette ﬂows [4] – now known as Taylor–Couette
ﬂows). However, this association is empirical at best, lacking the
mathematical/physical insight quality of the Rayleigh criterion for
inviscid instabilities, and should thus be regarded with caution.
In this work, we propose the two-dimensional (2D) cross-slot
geometry, illustrated schematically in Fig. 1, as an interesting
and useful candidate for a numerical benchmark case for viscoelas-
tic ﬂuid ﬂows. For a wide range of differential viscoelastic models,
namely the UCM and Oldroyd-B models [5] and the Phan-Thien
and Tanner (PTT) model [6], we show that, in the limit of negligible
inertia, i.e. when Re approaches zero, the ﬂow exhibits two differ-
ent types of purely-elastic instabilities. Above a ﬁrst critical value
of the Deborah number, De ¼ kU=D ¼ kQ=D2, where k is the ﬂuid
relaxation time, U the bulk velocity in each arm, Q the ﬂow rate
per unit depth in each arm and D the channel width, the steady
ﬂow becomes spatially asymmetric, even though the geometry is
perfectly symmetric; at higher De the ﬂow then becomes time-
dependent. The geometry is simple and the steady asymmetric
ﬂow is well deﬁned. The local evolution of the bifurcation param-
eter DQ [3] is well described by a square-root ﬁt which is typical of
supercritical pitchfork bifurcations, DQ ¼ A ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃDe DeCRp , and the
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racy, based on the Richardson extrapolation of results for system-
atically-reﬁned meshes. In addition the ﬂow contains an internal
stagnation point where a ﬂuid element is subjected to large exten-
sional stresses. Such behaviour allows the accuracy of numerical
methods to be tested away from any inﬂuence of boundary condi-
tions, namely by analysis of the mesh-wise convergence of the
local Weissenberg number, Wio ¼ k _eo, calculated at the stagnation
point. Indeed, rounding the corners of the cross-slot with a small
radius of curvature seems to have little to no inﬂuence on the
pitchfork bifurcation, as will be shown in the results section.
Up until the work by Arratia et al. [1], although a great deal of
research had been conducted using stagnation point geometries
similar to the cross-slot device, such as the four roll mill and
opposed-jet devices, such steady asymmetries have largely gone
unreported. Therefore, we do not present a detailed review of the
early literature here. The interested reader is referred to Schoonen
et al. [7] and Remmelgas et al. [8]. For in-depth reviews of the early
literature on elastic instabilities see [9,10]. In numerical studies the
inability to predict steady asymmetric ﬂow is easily explained,
since most studies imposed symmetry boundary conditions to
reduce the computational burden (e.g. [7,8]). Experimentally it is
likely that the main reason why such instabilities have not been
observed is the relative unimportance of elastic effects in macro-
sized devices, when compared to their micro-sized counterparts
(cf. deﬁnition of De). The microﬂuidic nature of the experiments
of both Arratia et al. [1] and Gardner et al. [2], in which effectsOUTLET
Q
10 D
INLET B.C.
FULLY-DEVELOPED 
VELOCITY & STRESSES
D
Q
yq1
q2
(a)
(b)
x/D
y/
D
Fig. 1. (a) Schematics of the cross-slot geometry. Zoomed view of the meshes near the c
respectively (see Table 1 for details). The rounded corner has a radius of curvature of 5due to elasticity are inherently enhanced given the small length
scales of the ﬂow, is the main reason why such instabilities became
observable. Of course the paper by Gardner and co-workers pre-
dates the term ‘‘microﬂuidics’’ by some decades, but their channel
width, D = 250 lm, is actually smaller than in the work of Arratia
et al., at D = 650 lm. This argument is further supported by exper-
imental results for surfactant ﬂows, published by Pathak and Hud-
son [11] in the same year as Arratia et al. [1], again in a microﬂuidic
geometry, in which the steady asymmetry and subsequent transi-
tion to time-dependent ﬂow were also observed. Since 2006, other
publications have reported steady-state asymmetries in cross-slot
ﬂows of wormlike micellar solutions, including fully asymmetric
ﬂow [11,12], Wi-Re stability diagrams delimiting different ﬂow
behaviours [12,13] and also the formation of lip vortices in the
inlet channels for strongly viscoelastic ﬂuids [12,14].
With the increasing prevalence of microﬂuidic devices in visco-
elastic ﬂuid ﬂow research and engineering, in recent years a num-
ber of publications have addressed the issue of steady asymmetries
in various cross-slot ﬂows of polymeric solutions. Rocha et al. [15]
simulated FENE-CR and FENE-P ﬂuid ﬂows and predicted a
transition to steady asymmetry at progressively lower De with
increasing values of the extensibility parameter and polymer
concentration. The effect of corner sharpness was not signiﬁcant
up to a radius of curvature of 50% of the channel width. According
to Larson et al. [16] and later McKinley et al. [17], streamline
curvature is required for the onset of elastic instabilities. This
curvature may either be intrinsic to the geometric conﬁnementQ
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orners of the (b) sharp and (c) rounded geometries, for meshes M2-R0 and M2-R5,
% of the channel width, as illustrated by the superimposed circle in (c).
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ﬂow itself, as in the cross-slot geometry, such that rounding the
cross-slot corners has a negligible effect on the radius of curvature
of streamlines near the centre of the device [15].
Oliveira et al. [18] simulated the ﬂow of UCM and PTT ﬂuids in a
ﬂow-focusing device based on the cross-slot geometry. By manip-
ulation of velocity and width ratios of the three inlet channels, they
showed ﬂow transitions directly from a steady symmetric to an
unsteady state if the normal stresses near the stagnation point
are not sufﬁciently high, suggesting the transition to steady asym-
metric ﬂow is a stress relief mechanism. Interestingly, in their sim-
ulation of cross-slot ﬂows undertaken using the FENE-P model, Xi
and Graham [19] did not report steady asymmetries, but instead a
direct transition to unsteady ﬂow at high De. The viscosity ratio
used in their study, b = gs/(gs + gp) = 0.95, corresponds to a dilute
polymer solution. Therefore, it is possible this particular ﬂow sim-
ulation does not generate sufﬁciently-high normal stresses and
foregoes the steady asymmetric conﬁguration, even though the
extensibility parameter b = 1000 is typical of a high molecular
weight polymer. Interestingly, Rocha et al. [15] quantiﬁed the
dependence of DeCR on both viscosity ratio b and extensibility
parameter L2 = b + 5 simultaneously, and found that this critical
value decreases exponentially with L2(1  b)/b, which demon-
strates how polymer molecules must be both sufﬁciently abundant
and sufﬁciently long if steady asymmetric ﬂow patterns are to be
observed. Additionally, Afonso et al. [20] simulated three-dimen-
sional (3D) cross-slot ﬂows with the UCM model. Steady asymme-
tries were observed for uniaxial extension, but not for biaxial
extension. Noticeably, the normal-stress values for components
aligned with the outlet channels – e.g. in uniaxial extension, if
the inlet channels are along y- and x-directions, the normal stress
component aligned with the outlet channel is szz – near the stagna-
tion point are up to two orders of magnitude higher in the uniaxial
case.
Besides curvature and sufﬁciently high polymer concentration
and molecular weight, a further requirement for symmetry break-
ing in stagnation point ﬂows seems to be the occurrence of a free
stagnation point, as reported by Soulages et al. [21]. Using experi-
mental measurements and simulations of Oldroyd-B and simpli-
ﬁed linear PTT ﬂuids, in T-shaped microchannels with two
opposing inlets, and an orthogonal outlet arm, the authors tested
the inﬂuence of an added cavity, located opposite to the direction
of the outlet. In the absence of this cavity, the stagnation point is
pinned to the microchannel wall, and even though normal stresses
at the observed birefringence strand are 3-fold higher without the
cavity, symmetry breakage is only seen in the channel with the
recirculation cavity, in which the stagnation point is detached from
the wall. Furthermore, without the cavity, the transition to time-
dependent ﬂow happens at lowerWi, in agreement with the previ-
ous discussion on the stress relief provided by a transition to
steady asymmetric ﬂow. As pointed out by Soulages et al. [21],
the need for a free stagnation point seems to be related to stream-
line distortion near that point, and the non-zero strain rate at the
stagnation point in the microchannel with cavity, contrasting with
zero strain rates at wall stagnation points.Table 1
Characteristics of the computational meshes. NC – number of cells; DOF – degrees of
freedom; RCC – radius of curvature of corners; D – channel width.
Mesh NC DOF RCC Dxmin
D ¼ DyminD
M1-R0 12,801 76,806 0 0.02
M2-R0 50,601 303,606 0 0.01
M3-R0 201,201 1,207,206 0 0.005
M1-R5 12,801 76,806 0.05 D 0.02
M2-R5 50,601 303,606 0.05 D 0.01
M3-R5 201,201 1,207,206 0.05 D 0.005It is clear from the previous description that the cross-slot ﬂow
has unique features absent in other benchmark ﬂows, namely in
the 4:1 sudden contraction [22] or the ﬂow around a conﬁned cyl-
inder [23]. The latter is essentially dominated by shear, except in
the vicinity of the upstream and downstream stagnation points,
and although extensional ﬂow plays an important role in the 4:1
contraction, this ﬂow also contains an important shear contribu-
tion and a strong dependence on the boundary conditions, namely
on the effect of the re-entrant corner. In contrast, the main feature
of the cross-slot ﬂow is its strong extensional nature in a region far
away fromwalls, even if there are shear effects elsewhere. The pos-
sible occurrence of steady ﬂow asymmetries, which are very sensi-
tive to ﬂuid rheology, ﬂow conditions and numerical accuracy, is
also a unique characteristic of cross-slot ﬂows. Indeed, we are
not alone in considering the cross-slot bifurcation as an important
unsolved problem [24]. Interestingly, upon ﬂow bifurcation, the
stagnation point becomes the centre of a small shear dominated
area surrounded by the larger extensional ﬁeld. To the best of
our knowledge, the only attempt at addressing a related problem
through linear stability analysis [25] was able to predict instability
in the idealized centreline for Oldroyd-B type ﬂuids, but only for
short waves out of the plane of ﬂow. In contrast, the perturbations
seen in our study all lie within the plane of ﬂow. Considering the
date of the aforementioned paper, this problem has stood unsolved
for circa 30 years, and particularly in the past 8 years, despite
renewed efforts since Arratia et al. [1] rediscovered experimentally
the phenomenon. Furthermore, the classical benchmark problems
lack a well-deﬁned point beyond which they become unstable,
whereas for the cross-slot this transition is very well deﬁned and
leads to a new type of instability corresponding to a supercritical
bifurcation from steady symmetric to steady asymmetric ﬂow.
All factors considered, we regard the cross-slot ﬂow as a unique
and challenging problem, worthy of benchmark status.2. Governing equations, numerical method and meshes
To model the cross-slot ﬂow we assume that the ﬂow is inertia-
less (Re? 0), two-dimensional, isothermal and incompressible.
Under these conditions, the equations that need to be solved are
those of conservation of mass,
r  u ¼ 0; ð1Þ
and the momentum equation,
rpþr  sþ gsr2u ¼ 0; ð2Þ
together with a suitable equation for the viscoelastic extra-stress
tensor s. We choose here to use the well-known model due to
Phan-Thien and Tanner [6,26] – in its simpliﬁed, linearized form
often denoted sPTT – of which the UCM and Oldroyd-B models
are limiting cases
1þ ke
gp
TrðsÞ
 !
sþk @s
@t
þrus
 
¼gpðruþruTÞþkðs ruþruT sÞ: ð3Þ
In these equations the constant model parameters are the relax-
ation time of the polymer k, the zero-shear-rate polymer viscosity
gp, the solvent viscosity gs, and the extensibility parameter e. For
both the Oldroyd-B and sPTT models, the viscosity ratio b, deﬁned
as the ratio of solvent viscosity to total zero-shear-rate viscosity
(g0 = gs + gp),was kept constant at b = gs/g0 = 1/9. Two typical values
of extensibility parameter e are used to assess its effect, e = 0.02 and
e = 0.25 (note that extensibility is larger for lower values of e).
Although a number of shortcomings exist with both the UCM and
Oldroyd-B models, most notably the unbounded nature of the
( )1 0N U Dη
Fig. 2. Streamline patterns superimposed onto contour plots of the normalized polymeric ﬁrst normal stress difference (syy  sxx)/(goU/D). Represented are the highest De
steady-state symmetric cases (left column), the lowest De steady-state asymmetric cases (middle column) and the highest De steady-state asymmetric cases prior to
transition to time-dependent ﬂow (right column): UCM model at (a) De = 0.31, (b) De = 0.315 and (c) De = 0.33; Oldroyd-B model with b = 1/9 at (d) De = 0.36, (e) De = 0.37
and (f) De = 0.42; sPTT model with b = 1/9 and e = 0.02 at (g) De = 0.50, (h) De = 0.51 and (i) De = 0.92. Noteworthy, the ﬁrst normal stress difference reaches its maximum
value at the highest De prior to the onset of steady asymmetric ﬂow, with subsequent post-transition stress relief. Results for the (j) sPTT model with b = 1/9 and e = 0.25 at
De = 1.20, the highest simulated De, are also provided. Illustrations are provided for calculations on mesh M3-R0 (see Table 1 for details).
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_e ¼ 1=ð2kÞ and their inability to predict shear-thinning behaviour,
they are probably the simplest differential models of an elastic ﬂuid
which can capture qualitatively many features of highly-elastic
ﬂows (e.g. [27,28]). These particular deﬁciencies are absent in the
sPTT model.
A fully implicit, second-order, ﬁnite-volume numerical method
is applied to solve the governing equations. The log-conformationtechnique, introduced by Fattal and Kupferman [29], is used to
solve Eq. (3), after it is converted to the log-conformation tensor
as detailed in [30]. The original numerical method and subsequent
developments have been described in great detail elsewhere
[30–32], and so are not unnecessarily repeated here. Boundary
conditions for the traction vector components at the walls,
which are needed to evaluate the stress divergence term in the
momentum equation, are based on local analytical solutions. With
0.36De = 0.42De =
Uu
(a)
( ) ( )0outP P U Dη−
0.36De = 0.42De =
(b)
0.36De = 0.42De =
(c)
( )0xy U Dτ η
Fig. 3. Contour plots, with superimposed streamlines, of normalized: (a) velocity magnitude ||u||; (b) relative pressure P  Pout; (c) extra-stress component sxy. Data is
provided for the Oldroyd-B model with b = 1/9 at De = 0.36, the highest steady symmetric case, and De = 0.42, the highest steady asymmetric case. Illustrations are provided
for calculations on mesh M3-R0 (see Table 1 for details).
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assuming a viscometric ﬂow along the wall planes. No ﬁnite
disturbances are introduced in the numerical simulations to
induce the onset of ﬂow asymmetries. Instead, asymmetricsolutions were found to develop naturally in the simulations,
most likely from accumulation of round-off error at machine
level precision – we use double precision in Fortran for all
calculations.
W
i o
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Fig. 4. Convergence with mesh reﬁnement, for the sPTT model with b = 1/9 and
e = 0.02, of the Weissenberg number Wio as a function of De, calculated as the
product of the relaxation time and strain rate at the stagnation point,Wio ¼ k _eo . M1,
M2 and M3 are progressively ﬁner meshes whose results converge towards the
Richardson extrapolation limit with approximately second-order accuracy. Con-
vergence is demonstrated for both the sharp corner (a) and rounded corner (b)
meshes (see Table 1 for details). The curves are simply a guide to the eye.
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Fig. 5. Extrapolated values of the normalized strain rate at the stagnation point,
Wio, as a function of De for all simulated models, Wio ¼ k _eo. Both the sharp corner
(a) and rounded corner (b) geometries are represented (see Table 1 for details). The
curves are simply a guide to the eye.
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Fig. 6. Variation of the polymeric normalized normal stress syy along the horizontal
centreline (y = 0) for the highest De immediately prior to the transition to steady
asymmetric ﬂow or at the largest De simulated (De = 1.20) if no transition is
observed. Data is provided for mesh M3-R0 (see Table 1 for details). The curves are
simply a guide to the eye.
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channel widths (D) in length for all ﬂuid models (see Fig. 1(a)).
Fully-developed velocity (average value U) and stress proﬁles are
applied at the inlets and Neumann boundary conditions are
assumed at the outlets for all variables including the pressure gra-
dient. In the central square a uniform mesh with cell spacing
Dxmin =Dymin is used, while in each arm the minimum cell spacing
is the same as this minimum value in cells bordering the central
square but becomes progressively larger away from this region.
An odd number of cells across each arm, and in the central square,
enables the calculation of the variables exactly along the centreline
and at the stagnation point. Consistent mesh reﬁnement, in which
the minimum cell spacing is halved in each direction, was used to
enable the computation of Richardson’s extrapolation [33] for the
asymmetry parameter DQ, Weissenberg number Wio at the cross-
slot centre and Couette correction C. Considering three meshes
with characteristic cell spacing h, 2h and 4h, the order of conver-
gence p for variable u is given by [33]
p ¼
ln u2hu4huhu2h
 
ln 2
: ð4Þ
Given the order of convergence, the variable u may be esti-
mated for an inﬁnitely reﬁned mesh,u0 ¼
2puh u2h
2p  1 : ð5Þ
Table 1 documents the minimum cell spacing, total number of
cells, degrees of freedom and corner radius of curvature for the
six meshes used. The availability of data for rounded corners
should allow the benchmarking of spectral or other higher-order
computational methods, as well as a direct evaluation of the
D
Q
De
D
Q
De
(a)
(b)
Fig. 7. Asymmetry parameter DQ, obtained by Richardson extrapolation, as a
function of De, for both the sharp corner (a) and rounded corner (b) geometries (see
Table 1 for details). Critical De values for both bifurcation and time-dependent ﬂow
are available in Table 2 and Table 3, respectively. No bifurcation is detected for the
sPTT model with e = 0.25 up to De = 1.20. The curves are simply a guide to the eye.
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tions, on the steady ﬂow bifurcation. Furthermore, simulations
were conducted at progressively higher De, and in smaller incre-
ments as the time-dependent ﬂow range was approached, such
that the critical Deborah number for the second transition could
also be estimated accurately.Table 2
Square root ﬁt, DQ ¼ A ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃDe DeCRp , for De above the ﬁrst critical value. The ﬁrst three
points after bifurcation (see Fig. 7) were ﬁtted and the minimization of the sum of
point-wise relative error was used as objective function. Sr is the point-wise average
relative error. Rounded refers to meshes whose corners have been rounded to a radius
of curvature of 5% of the channels’ width.
Model Corner A DeCR Sr
UCM Sharp 3.20 0.311 0.6%
Oldroyd-B, b = 1/9 Sharp 2.94 0.363 1.3%
sPTT, b = 1/9, e = 0.02 Sharp 2.16 0.503 0.9%
sPTT, b = 1/9, e = 0.25 Sharp No bifurcation up to De = 1.20
UCM Rounded 3.20 0.315 2.4%
Oldroyd-B, b = 1/9 Rounded 2.91 0.368 1.5%
sPTT, b = 1/9, e = 0.02 Rounded 2.01 0.508 1.2%
sPTT, b = 1/9, e = 0.25 Rounded No bifurcation up to De = 1.203. Numerical results and discussion
In Fig. 2(a)–(j) we plot the streamlines for some representative
cases obtained using mesh M3-R0, where R0 denotes the geometry
with sharp corners (see Table 1), superimposed upon contours of
the dimensionless ﬁrst normal-stress difference. The experimen-
tally-observed asymmetry can be captured with the UCM, Old-
royd-B and sPTT models, at least if e is sufﬁciently small (cf.
Fig. 1 of [1] for experimental asymmetry patterns), as reported
for geometrically-similar ﬂow-focusing devices [18]. In Fig. 2 along
each row the degree of elasticity increases from left to right. For
the UCM model, the highest De which results in steady symmetric
ﬂow is represented in (a) at De = 0.31, along with the lowest De
ﬂow for steady asymmetry (b) at De = 0.315, followed by the high-
est De case prior to the onset of time-dependent ﬂow (c) at
De = 0.33. These three reference states are also represented for
the Oldroyd-B model with b = 1/9, at (d) De = 0.36, (e) De = 0.37
and (f) De = 0.42 and the sPTT model with b = 1/9 and e = 0.02, at
(g) De = 0.50, (h) De = 0.51 and (i) De = 0.92. Between the secondand third plot of each triplet, the ﬂow becomes increasingly asym-
metric. As implied in Fig. 2, the asymmetry may occur as either a
clockwise or counter-clockwise rotation of the birefringence strand
around the cross-slot centre, depending on numerical noise that
induces the onset of ﬂow asymmetry. Represented is also the (j)
sPTT model with b = 1/9 and e = 0.25 at De = 1.20, which remains
steady and symmetric in the range of De tested – up to De = 1.20,
with no hints of asymmetries or time-dependent ﬂow. Fig. 3 pro-
vides contour maps of normalized velocity magnitude, relative
pressure and extra-stress tensor component sxy, at De = 0.36 and
De = 0.42, for the Oldroyd-B ﬂuid.
Based on the numerical results it is possible to determine a local
Weissenberg number, Wio ¼ k _eo, which we present as our ﬁrst
benchmark variable, calculated using the strain rate _eo at the cen-
tral stagnation point (x = y = 0),_eo ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
@u
@x

o
 	2
þ @u
@y

o
@v
@x

o
s
: ð6Þ
In the vicinity of the stagnation point the 2D velocity ﬁeld can,
in general, be regarded as linear, and may thus be approximated as
[u,v] = [ax + by,cx  ay], with a = (ou/ox)|o = (ov/oy)|o, b = (ou/oy)|o
and c = (ov/ox)|o. In matricial form the velocity ﬁeld is written as
u = Ax. The positive eigenvalue of this linear transformation pro-
vides the extensional strain rate given by Eq. (6), while the corre-
sponding eigenvectors represent the principal axes deﬁned by
the streamlines that cross the stagnation point, which are not nor-
mal to each other in an asymmetric steady ﬂow scenario. For sym-
metric ﬂow the strain rate at the stagnation point simpliﬁes to
_eo ¼ ð@u=@xÞjo ¼ ð@v=@yÞjo.
In Fig. 4 we demonstrate the mesh-wise convergence and Rich-
ardson extrapolation of Wi at the stagnation point for the sPTT
model with e = 0.02, for both the sharp and rounded corner conﬁg-
urations, while in Fig. 5 we present extrapolated results for all
models and geometries. From the numerical data of Wio we com-
puted an average order of convergence of 2.2, which follows closely
the expected second-order accuracy of the numerical method.
Notably for both the UCM and Oldroyd-B models the local Weiss-
enberg number at the stagnation point exceeds the theoretical crit-
ical value of 1/2. Therefore, at this point, the extensional stresses
can become unbounded, since the residence time is inﬁnitely large
– for the sPTT model, for which the normal stresses are bounded,
this concern is not an issue. Steady-state solutions can still be
obtained because at the stagnation point, although singular, the
stresses remain integrable (see the interesting discussion in Ralli-
son and Hinch [34]). That the stresses become unbounded well
below the critical De for asymmetric ﬂow, in conjunction with
the fact that the asymmetry is also observed for the sPTT model,
shows the asymmetry is not directly related to this local stress sin-
gularity. Rocha et al. [15] examined the inﬂuence of ﬁnite extensi-
Table 3
Estimated values of De for the second critical transition, from steady asymmetric ﬂow to time-dependent behaviour, obtained from the more reﬁned meshes, M3-R0 and M3-R5.
Rounded refers to the M3-R5 meshes, whose corners have been rounded to a radius of curvature of 5% of the channel width.
Model Corner Highest steady De Lowest unsteady De Estimated critical De
UCM Sharp 0.330 0.340 0.335
Oldroyd-B, b = 1/9 Sharp 0.420 0.430 0.425
sPTT, b = 1/9, e = 0.02 Sharp 0.920 0.930 0.925
sPTT, b = 1/9, e = 0.25 Sharp Steady ﬂow up to De = 1.20
UCM Rounded 0.380 0.390 0.385
Oldroyd-B, b = 1/9 Rounded 0.430 0.440 0.435
sPTT, b = 1/9, e = 0.02 Rounded 1.050 1.060 1.055
sPTT, b = 1/9, e = 0.25 Rounded Steady ﬂow up to De = 1.20
Fig. 8. Couette correction C, obtained by Richardson extrapolation, as a function of
De. At the onset of steady asymmetric ﬂow the Couette correction decreases,
indicating a relative decrease in ﬂow resistance. Data is provided for both the sharp
corner (a) and rounded corner (b) geometries (see Table 1 for details). The curves
are simply a guide to the eye.
64 F.A. Cruz et al. / Journal of Non-Newtonian Fluid Mechanics 214 (2014) 57–68bility upon the bifurcation phenomenon and concluded that, even
though higher extensibility promotes steady asymmetries at lower
De, inﬁnite extensibility such as in the UCM and Oldroyd-B models
is not a necessary condition for steady symmetry breaking. In Fig. 6
we plot the variation of the polymeric component of stress syy
along the horizontal (upstream) centreline for mesh M3-R0 (see
Table 1), demonstrating the asymptotically singular nature of the
UCM and Oldroyd-B models near the stagnation point. We empha-
size that at such ﬂow conditions (Wi0 > 0.5), the normal stress syy is
unbounded in the region along the outlet centreline for both the
UCM and the Oldroyd-B models. Thus, there is a local loss of accu-
racy near the stagnation point in the numerical solution, whichpredicts a very large, yet bounded normal stress. This loss of accu-
racy is limited to a narrow region near the stagnation point, and
therefore is not of signiﬁcant concern. Further mesh reﬁnement
would lead to an increase of syy in the vicinity of the cross-slot cen-
tre, with syy,o?1 for cell spacing Dxmin, Dymin? 0, for the UCM
and Oldroyd-B models.
Although the streamline plots of Fig. 2 provide a qualitative
visual indication of the degree of ﬂow asymmetry, a suitable quan-
titative parameter is necessary as a reliable benchmark variable.
An intuitive measure of the degree of asymmetry is the relative
split of ﬂow from an inlet arm heading towards each outlet arm,
which in a symmetric ﬂow would be 50%. A suitable scalar is the
ﬂow asymmetry parameter, proposed by Poole et al. [3]:
DQ ¼ q2  q1
q1 þ q2
: ð7Þ
The total ﬂow rate per unit depth supplied to each inlet channel,
Q = UD = q1 + q2, divides into two outlet streams. For instance, for
the west inlet arm, as illustrated in Fig. 1(a), the total ﬂow divides
into the north outﬂow arm, q1 plus the south outﬂow arm, q2. For a
symmetric ﬂow DQ = 0 and for a completely asymmetric ﬂow
|DQ| = 1, i.e. ﬂow from one inlet channel going completely to a sin-
gle outlet channel. We stress that the total ﬂow rate Q leaving each
outlet arm remains unaltered in both the symmetric and asymmet-
ric states, since the latter has an anti-symmetric nature. The Rich-
ardson extrapolation of this asymmetry parameter as a function of
De is provided in Fig. 7, for both sharp and rounded corners. The
average order of convergence for DQ is 2.1, in agreement with
the second-order accuracy of the numerical method used. In order
to accurately determine the critical conditions of ﬂow transition,
DeCR, we ﬁtted the ﬁrst three points post-bifurcation with the
expected square-root formula for supercritical pitchfork bifurca-
tions, DQ ¼ A ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃDe DeCRp , where A is a scale factor and DeCR is the
critical transition De. We opted for a square-root ﬁt over a general
curve ﬁt because the data follows the usual trend of a supercritical
pitchfork bifurcation, as also pointed out by Wilson [24]. The ﬁt
was not extended to higher De since pitchfork bifurcations are
intrinsically local (note the lines in Fig. 7 are just data point con-
nections used as visual aids). Fitted parameters and error are given
in Table 2. As expected from previous work [15], the inﬂuence of
corner sharpness is negligible upon the critical De for onset of
steady asymmetric ﬂow.
As for the second critical Deborah number, which governs the
transition to time-dependent ﬂow, we used an approximate
method based on the determination of the highest steady De
and lowest unsteady De ﬂows for each ﬂuid, using data obtained
from the ﬁner meshes available, M3-R0 and M3-R5 (see Table 1
for details). Using steps of 0.01 for De, we were thus able to
determine the second critical De with an absolute error of
±0.005. As seen in Table 3, a radius of curvature of only 5% of
the channel width is sufﬁcient to signiﬁcantly delay the onset
of time-dependent ﬂow for the UCM and sPTT (at e = 0.02) models
to higher De values. This indicates a distinct source for the two
Table 4
UCM model data for a cross-slot with sharp corners. Osc stands for oscillatory ﬂow.
De Wio ¼ k _eo |DQ| C
M1 M2 M3 Extrap. M1 M2 M3 Extrap. M1 M2 M3 Extrap.
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.733 0.738 0.741 0.743
0.100 0.318 0.319 0.320 0.320 0.000 0.000 0.000 0.000 0.831 0.839 0.842 0.845
0.200 0.507 0.509 0.511 0.511 0.000 0.000 0.000 0.000 1.232 1.245 1.247 1.249
0.300 0.571 0.574 0.575 0.576 0.000 0.000 0.000 0.000 1.905 1.911 1.908 1.906
0.305 0.572 0.576 0.577 0.577 0.000 0.000 0.000 0.000 1.944 1.949 1.946 1.944
0.310 0.574 0.577 0.578 0.579 0.000 0.000 0.000 0.000 1.984 1.988 1.985 1.983
0.315 0.552 0.535 0.528 0.526 0.138 0.203 0.209 0.211 1.994 1.976 1.972 1.969
0.320 0.529 0.515 0.511 0.509 0.270 0.312 0.315 0.315 1.972 1.951 1.949 1.947
0.330 0.509 0.502 0.500 0.499 0.415 0.441 0.444 0.445 1.929 1.910 1.908 1.905
0.340 0.499 0.494 Osc. – 0.508 0.527 Osc. – 1.893 1.875 Osc. –
0.360 0.485 0.481 Osc. – 0.631 0.646 Osc. – 1.831 1.816 Osc. –
0.380 0.472 0.468 Osc. – 0.712 0.724 Osc. – 1.781 1.767 Osc. –
0.400 0.460 0.456 Osc. – 0.770 0.780 Osc. – 1.741 1.729 Osc. –
0.500 0.407 Osc. Osc. – 0.907 Osc. Osc. – 1.643 Osc. Osc. –
0.600 Osc. Osc. Osc. – Osc. Osc. Osc. – Osc. Osc. Osc. –
Table 5
Oldroyd-B model data, with b = 1/9, for a cross-slot with sharp corners. Osc stands for oscillatory ﬂow.
De Wio ¼ k _eo |DQ| C
M1 M2 M3 Extrap. M1 M2 M3 Extrap. M1 M2 M3 Extrap.
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.733 0.738 0.741 0.743
0.100 0.320 0.321 0.322 0.322 0.000 0.000 0.000 0.000 0.822 0.829 0.833 0.835
0.200 0.519 0.521 0.522 0.522 0.000 0.000 0.000 0.000 1.195 1.207 1.209 1.211
0.300 0.588 0.590 0.591 0.591 0.000 0.000 0.000 0.000 1.830 1.836 1.832 1.828
0.340 0.598 0.600 0.600 0.600 0.000 0.000 0.000 0.000 2.135 2.134 2.128 2.123
0.345 0.599 0.601 0.601 0.601 0.000 0.000 0.000 0.000 2.175 2.173 2.167 2.162
0.350 0.600 0.602 0.602 0.602 0.000 0.000 0.000 0.000 2.215 2.212 2.206 2.201
0.355 0.600 0.602 0.602 0.602 0.001 0.000 0.000 0.000 2.255 2.252 2.246 2.241
0.360 0.601 0.602 0.603 0.603 0.002 0.007 0.000 0.000 2.296 2.291 2.286 2.282
0.370 0.561 0.543 0.538 0.537 0.221 0.260 0.244 0.239 2.291 2.264 2.274 2.281
0.380 0.530 0.518 0.512 0.511 0.381 0.401 0.396 0.394 2.226 2.206 2.211 2.215
0.400 0.507 0.500 0.498 0.497 0.550 0.563 0.563 0.562 2.124 2.107 2.109 2.111
0.420 0.493 0.488 0.487 0.487 0.653 0.664 0.665 0.666 2.038 2.026 2.024 2.023
0.430 0.486 0.482 Osc. – 0.692 0.702 Osc. – 2.002 1.991 Osc. –
0.500 0.445 Osc. Osc. – 0.850 Osc. Osc. – 1.823 Osc. Osc. –
0.600 0.390 Osc. Osc. – 0.934 Osc. Osc. – 1.720 Osc. Osc. –
0.700 Osc. Osc. Osc. – Osc. Osc. Osc. – Osc. Osc. Osc. –
Table 6
sPTT model data, with b = 1/9 and e = 0.02, for a cross-slot with sharp corners. Osc stands for oscillatory ﬂow.
De Wio ¼ k _eo |DQ| C
M1 M2 M3 Extrap. M1 M2 M3 Extrap. M1 M2 M3 Extrap.
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.733 0.738 0.741 0.743
0.100 0.322 0.324 0.324 0.324 0.000 0.000 0.000 0.000 0.812 0.819 0.822 0.825
0.200 0.563 0.566 0.567 0.568 0.000 0.000 0.000 0.000 1.075 1.084 1.085 1.087
0.300 0.751 0.756 0.758 0.758 0.000 0.000 0.000 0.000 1.372 1.374 1.372 1.370
0.400 0.931 0.938 0.940 0.940 0.000 0.000 0.000 0.000 1.619 1.611 1.604 1.598
0.480 1.075 1.084 1.086 1.087 0.000 0.000 0.000 0.000 1.774 1.761 1.753 1.746
0.485 1.084 1.094 1.096 1.096 0.000 0.000 0.000 0.000 1.783 1.769 1.761 1.755
0.490 1.093 1.103 1.105 1.105 0.001 0.001 0.000 0.000 1.792 1.778 1.768 1.760
0.495 1.102 1.112 1.114 1.115 0.001 0.001 0.001 0.001 1.801 1.786 1.776 1.768
0.500 1.111 1.121 1.123 1.124 0.001 0.003 0.001 0.001 1.809 1.795 1.784 1.776
0.510 1.102 1.115 1.125 1.128 0.173 0.194 0.184 0.181 1.804 1.784 1.777 1.772
0.520 1.084 1.106 1.120 1.124 0.282 0.295 0.291 0.290 1.784 1.764 1.755 1.747
0.540 1.066 1.097 1.115 1.120 0.405 0.417 0.417 0.416 1.746 1.727 1.717 1.710
0.570 1.057 1.094 1.115 1.121 0.518 0.530 0.531 0.531 1.698 1.681 1.670 1.661
0.600 1.057 1.097 1.119 1.125 0.593 0.604 0.606 0.606 1.663 1.645 1.633 1.623
0.700 1.084 1.130 1.153 1.160 0.727 0.738 0.741 0.742 1.590 1.567 1.552 1.541
0.800 1.131 1.181 1.207 1.215 0.791 0.802 0.805 0.806 1.556 1.528 1.513 1.501
0.900 1.187 1.243 1.272 1.280 0.828 0.838 0.841 0.842 1.527 1.504 1.487 1.473
0.910 1.193 1.250 1.279 1.287 0.831 0.841 0.844 0.845 1.526 1.503 1.486 1.473
0.920 1.199 1.256 1.286 1.294 0.834 0.844 0.847 0.847 1.549 1.501 1.485 1.472
0.930 1.205 1.263 Osc. – 0.836 0.846 Osc. – 1.538 1.504 Osc. –
1.000 1.248 1.311 Osc. – 0.852 0.861 Osc. – 1.523 1.495 Osc. –
1.100 1.310 Osc. Osc. – 0.868 Osc. Osc. – 1.534 Osc. Osc. –
1.200 1.373 Osc. Osc. – 0.879 Osc. Osc. – 1.548 Osc. Osc. –
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Table 7
sPTT model data, with b = 1/9 and e = 0.25, for a cross-slot with sharp corners.
De Wio ¼ k _eo |DQ| C
M1 M2 M3 Extrap. M1 M2 M3 Extrap. M1 M2 M3 Extrap.
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.733 0.738 0.741 0.743
0.100 0.337 0.338 0.339 0.339 0.000 0.000 0.000 0.000 0.757 0.762 0.765 0.767
0.200 0.681 0.685 0.686 0.687 0.000 0.000 0.000 0.000 0.803 0.808 0.811 0.813
0.300 1.030 1.036 1.038 1.038 0.000 0.000 0.000 0.000 0.840 0.846 0.848 0.850
0.400 1.375 1.383 1.385 1.386 0.000 0.000 0.000 0.000 0.877 0.878 0.879 0.880
0.500 1.712 1.722 1.725 1.726 0.000 0.000 0.000 0.000 0.900 0.905 0.906 0.906
0.600 2.040 2.052 2.056 2.057 0.000 0.000 0.000 0.000 0.927 0.930 0.929 0.927
0.700 2.361 2.375 2.379 2.380 0.000 0.000 0.000 0.000 0.948 0.949 0.949 0.949
0.800 2.674 2.690 2.695 2.696 0.000 0.000 0.000 0.000 0.966 0.968 0.968 0.967
0.900 2.982 3.000 3.005 3.006 0.000 0.000 0.000 0.000 0.985 0.986 0.985 0.985
1.000 3.284 3.304 3.309 3.311 0.000 0.000 0.000 0.000 1.001 1.000 1.000 0.999
1.100 3.581 3.603 3.610 3.611 0.000 0.000 0.000 0.000 1.014 1.014 1.013 1.012
1.200 3.874 3.899 3.906 3.908 0.000 0.000 0.000 0.000 1.027 1.026 1.025 1.024
Table 8
UCM model data for a cross-slot with rounded corners with a radius of curvature equal to 5% of the channel width. Osc stands for oscillatory ﬂow.
De Wio ¼ k _eo |DQ| C
M1 M2 M3 Extrap. M1 M2 M3 Extrap. M1 M2 M3 Extrap.
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.694 0.695 0.693 0.692
0.100 0.312 0.313 0.313 0.313 0.000 0.000 0.000 0.000 0.789 0.791 0.791 0.790
0.200 0.504 0.506 0.506 0.506 0.000 0.000 0.000 0.000 1.173 1.173 1.169 1.166
0.300 0.571 0.575 0.576 0.576 0.000 0.000 0.000 0.000 1.818 1.797 1.779 1.765
0.305 0.573 0.576 0.577 0.578 0.000 0.000 0.000 0.000 1.855 1.833 1.814 1.798
0.310 0.574 0.578 0.579 0.579 0.000 0.000 0.000 0.000 1.893 1.869 1.848 1.832
0.315 0.576 0.579 0.580 0.580 0.000 0.002 0.004 0.005 1.931 1.906 1.883 1.865
0.320 0.554 0.537 0.526 0.523 0.132 0.199 0.221 0.228 1.943 1.892 1.861 1.837
0.330 0.517 0.508 0.504 0.503 0.351 0.377 0.384 0.387 1.897 1.847 1.818 1.796
0.340 0.504 0.499 0.497 0.496 0.463 0.480 0.484 0.485 1.857 1.807 1.779 1.756
0.360 0.489 0.486 0.486 0.486 0.603 0.612 0.614 0.614 1.790 1.740 1.711 1.688
0.380 0.476 0.474 0.476 0.476 0.691 0.698 0.698 0.698 1.737 1.686 1.655 1.630
0.390 0.471 0.469 Osc. – 0.725 0.730 Osc. – 1.713 1.663 Osc. –
0.400 0.465 0.463 Osc. – 0.754 0.758 Osc. – 1.692 1.641 Osc. –
0.500 0.414 Osc. Osc. – 0.898 Osc. Osc. – 1.572 Osc. Osc. –
0.600 0.378 Osc. Osc. – 0.947 Osc. Osc. – 1.540 Osc. Osc. –
0.700 Osc. Osc. Osc. – Osc. Osc. Osc. – Osc. Osc. Osc. –
Table 9
Oldroyd-B model data, with b = 1/9, for a cross-slot with rounded corners with a radius of curvature equal to 5% of the channel width. Osc stands for oscillatory ﬂow.
De Wio ¼ k _eo |DQ| C
M1 M2 M3 Extrap. M1 M2 M3 Extrap. M1 M2 M3 Extrap.
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.694 0.695 0.693 0.692
0.100 0.314 0.314 0.315 0.315 0.000 0.000 0.000 0.000 0.779 0.781 0.781 0.781
0.200 0.515 0.517 0.517 0.517 0.000 0.000 0.000 0.000 1.134 1.135 1.132 1.130
0.300 0.589 0.591 0.591 0.591 0.000 0.000 0.000 0.000 1.738 1.727 1.716 1.708
0.340 0.600 0.602 0.602 0.602 0.000 0.000 0.000 0.000 2.029 2.008 1.991 1.977
0.345 0.601 0.603 0.603 0.603 0.000 0.000 0.000 0.000 2.066 2.044 2.026 2.012
0.350 0.602 0.604 0.604 0.604 0.000 0.000 0.000 0.000 2.104 2.081 2.062 2.047
0.355 0.603 0.605 0.605 0.605 0.000 0.000 0.000 0.000 2.143 2.118 2.098 2.082
0.360 0.603 0.605 0.606 0.606 0.000 0.000 0.000 0.000 2.182 2.155 2.134 2.118
0.370 0.590 0.578 0.566 0.563 0.063 0.090 0.123 0.133 2.244 2.209 2.178 2.154
0.380 0.549 0.531 0.521 0.519 0.289 0.321 0.331 0.335 2.199 2.147 2.117 2.093
0.400 0.514 0.506 0.501 0.500 0.500 0.514 0.519 0.521 2.089 2.042 2.011 1.987
0.420 0.499 0.493 0.492 0.491 0.619 0.627 0.630 0.631 1.998 1.952 1.922 1.899
0.430 0.492 0.488 0.487 0.487 0.662 0.669 0.671 0.672 1.958 1.913 1.883 1.860
0.440 0.486 0.483 Osc. – 0.699 0.705 Osc. – 1.922 1.877 Osc. –
0.500 0.452 0.449 Osc. – 0.835 0.838 Osc. – 1.761 1.711 Osc. –
0.600 0.401 0.392 Osc. – 0.925 0.927 Osc. – 1.625 1.564 Osc. –
0.700 Osc. Osc. Osc. – Osc. Osc. Osc. – Osc. Osc. Osc. –
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as a result of large normal stresses and gradients in the birefrin-
gence strand, while the unsteady ﬂow transition seems to result
from instabilities generated along curved streamlines near the
corners, as predicted by the Larson micromechanical model[16], which are quantiﬁable using the Pakdel–McKinley criterion
[17]. However, for the Oldroyd-B model, only a small increase
in the second critical De was observed for the rounded corner
simulations (see Table 3), and presently we are unable to explain
this apparent inconsistency.
Table 10
sPTT model data, with b = 1/9 and e = 0.02, for a cross-slot with rounded corners with a radius of curvature equal to 5% of the channel width. Osc stands for oscillatory ﬂow.
De Wio ¼ k _eo |DQ| C
M1 M2 M3 Extrap. M1 M2 M3 Extrap. M1 M2 M3 Extrap.
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.694 0.695 0.693 0.692
0.100 0.316 0.316 0.317 0.317 0.000 0.000 0.000 0.000 0.770 0.772 0.772 0.772
0.200 0.556 0.558 0.558 0.558 0.000 0.000 0.000 0.000 1.022 1.023 1.020 1.017
0.300 0.743 0.746 0.746 0.746 0.000 0.000 0.000 0.000 1.308 1.302 1.294 1.287
0.400 0.920 0.925 0.925 0.925 0.000 0.000 0.000 0.000 1.545 1.528 1.513 1.502
0.480 1.062 1.068 1.068 1.068 0.000 0.000 0.000 0.000 1.698 1.671 1.652 1.637
0.485 1.071 1.077 1.077 1.077 0.000 0.000 0.000 0.000 1.707 1.679 1.658 1.642
0.490 1.080 1.086 1.086 1.086 0.000 0.000 0.000 0.000 1.715 1.687 1.666 1.650
0.495 1.089 1.095 1.095 1.095 0.000 0.000 0.000 0.000 1.723 1.694 1.673 1.657
0.500 1.098 1.104 1.104 1.104 0.000 0.000 0.000 0.000 1.732 1.702 1.682 1.667
0.510 1.115 1.122 1.122 1.121 0.000 0.000 0.000 0.000 1.748 1.717 1.697 1.681
0.520 1.109 1.113 1.116 1.117 0.157 0.202 0.217 0.221 1.747 1.703 1.677 1.656
0.540 1.079 1.099 1.110 1.113 0.342 0.364 0.372 0.374 1.707 1.664 1.638 1.618
0.570 1.063 1.093 1.108 1.113 0.478 0.495 0.500 0.501 1.658 1.614 1.588 1.568
0.600 1.059 1.094 1.111 1.116 0.563 0.578 0.582 0.583 1.620 1.574 1.547 1.527
0.700 1.080 1.121 1.141 1.147 0.713 0.724 0.728 0.729 1.530 1.485 1.456 1.433
0.800 1.122 1.169 1.190 1.196 0.783 0.793 0.796 0.797 1.484 1.436 1.405 1.380
0.900 1.174 1.227 1.250 1.257 0.822 0.832 0.835 0.836 1.462 1.408 1.368 1.336
1.000 1.232 1.292 1.317 1.324 0.847 0.857 0.860 0.861 1.453 1.388 1.348 1.317
1.010 1.238 1.298 1.324 1.331 0.849 0.859 0.862 0.863 1.452 1.386 1.347 1.316
1.020 1.244 1.305 1.331 1.338 0.851 0.860 0.864 0.865 1.451 1.385 1.345 1.314
1.030 1.250 1.312 1.338 1.345 0.853 0.862 0.866 0.867 1.434 1.384 1.343 1.312
1.040 1.256 1.319 1.345 1.352 0.855 0.864 0.867 0.868 1.433 1.383 1.342 1.310
1.050 1.262 1.326 1.352 1.359 0.857 0.866 0.869 0.870 1.432 1.382 1.341 1.308
1.060 1.268 1.333 Osc. – 0.858 0.867 Osc. – 1.445 1.382 Osc. –
1.070 1.274 1.340 Osc. – 0.860 0.869 Osc. – 1.445 1.382 Osc. –
1.080 1.280 1.347 Osc. – 0.861 0.871 Osc. – 1.444 1.381 Osc. –
1.090 1.286 1.354 Osc. – 0.863 0.872 Osc. – 1.433 1.380 Osc. –
1.100 1.292 1.361 Osc. – 0.864 0.873 Osc. – 1.435 1.379 Osc. –
1.200 1.353 1.432 Osc. – 0.877 0.886 Osc. – 1.440 1.377 Osc. –
Table 11
sPTT model data, with b = 1/9 and e = 0.25, for a cross-slot with rounded corners with a radius of curvature equal to 5% of the channel width.
De Wio ¼ k _eo |DQ| C
M1 M2 M3 Extrap. M1 M2 M3 Extrap. M1 M2 M3 Extrap.
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.694 0.695 0.693 0.692
0.100 0.328 0.329 0.329 0.329 0.000 0.000 0.000 0.000 0.718 0.720 0.719 0.719
0.200 0.664 0.666 0.666 0.666 0.000 0.000 0.000 0.000 0.765 0.766 0.765 0.764
0.300 1.005 1.008 1.008 1.008 0.000 0.000 0.000 0.000 0.804 0.803 0.802 0.800
0.400 1.343 1.346 1.346 1.346 0.000 0.000 0.000 0.000 0.834 0.833 0.831 0.829
0.500 1.673 1.677 1.677 1.677 0.000 0.000 0.000 0.000 0.863 0.859 0.857 0.855
0.600 1.995 2.000 2.000 2.000 0.000 0.000 0.000 0.000 0.886 0.883 0.878 0.874
0.700 2.309 2.316 2.315 2.315 0.000 0.000 0.000 0.000 0.905 0.901 0.898 0.895
0.800 2.616 2.624 2.623 2.623 0.000 0.000 0.000 0.000 0.923 0.920 0.916 0.913
0.900 2.917 2.926 2.925 2.925 0.000 0.000 0.000 0.000 0.941 0.936 0.932 0.930
1.000 3.213 3.223 3.223 3.222 0.000 0.000 0.000 0.000 0.956 0.950 0.946 0.943
1.100 3.504 3.516 3.515 3.515 0.000 0.000 0.000 0.000 0.969 0.962 0.959 0.956
1.200 3.791 3.805 3.804 3.804 0.000 0.000 0.000 0.000 0.981 0.974 0.970 0.967
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additional pressure drop that arises due to the strong extensional
ﬂow within the cross-slot, we choose here to use the Couette cor-
rection, our third benchmark variable, deﬁned as
C  Dp Dpfd
2sw
; ð8Þ
where Dp is the overall pressure drop between two points located
far away from the central region – one upstream and one down-
stream – under fully developed ﬂow conditions, including the
cross slot central region; sw is the total wall shear stress, (solvent
plus polymer contributions), in fully-developed channel ﬂows; and
Dpfd is the pressure-drop required to drive that same fully-
developed ﬂow in a straight channel, in the absence of the slot,
i.e. simple-shear ﬂow between the two points chosen to determine
Dp, not accounting for the length of the central square. Thus one
may think of the Couette correction as the number of channelwidths the planar channel would have to be extended by to pro-
duce the same pressure drop induced by the presence of the
cross-slot. Note that 2sw = |dp/dx|fd D = |dp/dy|fd D. The variation
of this measure of the additional pressure drop with De is shown
in Fig. 8 for both geometries. The obtained average order of
convergence for C is 1.2, somewhat lower than the expected value
for a second-order method, because additional errors are intro-
duced in the calculation procedure for C, namely the extrapolation
used to determine the fully developed pressure drop and the
difference between two small quantities. Upon bifurcation the
viscoelastic ﬂuid dissipates signiﬁcantly less energy as it ﬂows
through the cross slot than it would if it did so ﬂowing
symmetrically at the same De, in agreement with previous results
for both 2D [3,15] and uniaxial extension in 3D [20] cross-slot
simulations. For the sPTT model with e = 0.25, for which no
bifurcation was observed up to De = 1.20, the sudden decrease in
Couette correction is not observed. Also, as expected, rounding
68 F.A. Cruz et al. / Journal of Non-Newtonian Fluid Mechanics 214 (2014) 57–68the cross-slot corners generally slightly decreases the pressure
drop necessary to drive ﬂow.
In the spirit of this benchmark-proposing paper, all previously
discussed data is provided in detail in tabular form. For sharp cor-
ner geometries, Tables 4 and 5 include data on the three bench-
mark parameters – Wio, DQ and C – for the UCM and Oldroyd-B
models, respectively, while Tables 6 and 7 provide the same data
for the sPTT model, with e = 0.02 and e = 0.25, respectively. Simi-
larly, data for rounded corners is given in Tables 8 and 9 for the
UCM and Oldroyd-B models, respectively, while data for the sPTT
model, with e = 0.02 and e = 0.25, can be found in Table 10 and
Table 11, respectively. Furthermore, as discussed, the critical val-
ues of De for the ﬁrst and second ﬂow transitions are listed in
Table 2 and Table 3, respectively.
4. Conclusions
We provide detailed numerical data of ﬂow quantities of inter-
est for three different viscoelastic models in the cross-slot geome-
try, with particular emphasis placed on the bifurcation to steady
asymmetric ﬂow which occurs at a critical Deborah number. We
propose that this steady ﬂow bifurcation – in such a conceptually
simple geometry – makes an excellent test case against which to
benchmark, and compare, different numerical schemes for the sim-
ulation of viscoelastic ﬂuid ﬂows and have accordingly provided
numerical data. We also estimate the critical De for the onset of
time-dependent ﬂow. We provide data for the standard sharp cor-
ner cross-slot and also for a slightly rounded geometry, so that
benchmarking of spectral or other higher-order methods is not
impeded by the existence of geometrical singularities due to sharp
corners. The proposed benchmark variables – local Weissenberg
number Wio at the stagnation point, asymmetry parameter DQ,
Couette correction C, and the critical De values – can also be mea-
sured experimentally, offering a standardized form of communi-
cating results for the cross slot ﬂow. The occurrence of an
interior stagnation point, away from any boundary conditions,
where the stress ﬁeld can become unbounded is also a noteworthy
ﬂow feature, useful for benchmarking of numerical simulations.
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